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Impulse Constraint
The deformation associated with plastic strain occurs across

the c2 characteristic wave front. This plastic deformation
within the bar results in a displacement 5 of the end of the
rod{

M
(5)

where, by definition, 6 is positive when the rod is lengthened
and Li = 0. Substituting into Eq. (5) from Eqs. (1-4) we
obtain a nondimensional ratio of displacement to impulse
applied at the end of the rod

6pc2/Pr = [(a + !)/«]{! + 2M/(a + 1) -
(ay/P) [(a + !)/(«- 1)M (6)

This ratio of displacement to impulse is shown in Fig. 2.
With this idealized material, the impulse response curves

are not very sensitive to changes in a. The family of curves
is closely approximated by

= ln(P/o-y) (7)

with the variation about this function increasing as a de-
creases^ The impulse response curves show an increasing
ratio of displacement to impulse with increasing P/<ry.
Consequently, for this class of loads, an impulsive pressure
(Dirac delta function) results in the maximum displacement
from any given impulse.

Energy Constraint
The energy per unit area, denoted by E, that is imparted

to the bar will be

(8)

where v(Q,t) is the particle velocity at the end of the rod.
Since p(i) is a constant during [0,r] and then vanishes

E = (PT/pd)[Pa - <ry(a - 1)] (9)

This equation, together with Eq. (6), results in a nondimen-
sional ratio of displacement to energy

day/E = {(a + lWP/[a - (a - l)cry/P]} {1 +
2M/(a + 1) - (ay/P)[(a + l)/(a - 1)]"} (10)

that is shown in Fig. 3. From these curves, the value of P
that will maximize the displacement-energy ratio can be
determined. A corresponding load duration for maximal
deformation, rop«, is shown in Fig. 4. In contrast to the case
where impulse was limited, the optimal value depends on a.

Conclusion
Results have been obtained for a system that represents

some metal forming operations where either the impulse or
the energy imparted to the system on each stroke is limited.
The results for the cases of an impulse constraint and an
energy constraint are distinct. With a constraint on im-
pulse, the deformation is maximized by applying the greatest
pressure in the shortest possible time. With a constraint
on energy, a longer time results in the maximal deformation;
the corresponding applied pressure is not much larger than

t If the pressure is either increased or decreased slightly dur-
ing the loading period, this displacement magnitude is only
changed slightly.

§ The limiting case, a ->• oo, results from either the rigid-
strain hardening or the elastic-perfectly plastic material descrip-
tions. In the first case, E\ -> oo and the plastic deformation is
confined to the length /„. In the second case, E^ — 0 and the
plastic deformation is limited to the end of the rod. The latter
is necessarily a large deformation result.

the yield stress. In general, these results indicate that if one
wishes to obtain maximal deformations from some loading
system, the constraints peculiar to that system must be
identified.
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1. Introduction

DISCRETIZATION of an elliptic equation of the 2rath
. order (m = 1 harmonic, m = 2 biharmonic) by finite

elements of diameter h, inside which the interpolation poly-
nomials include a complete set of degree p, assures1 that the
error in the energy is decreased as h'i(p+1~m\ Thus, by re-
ducing the mesh size h sufficiently, one theoretically should be
able to obtain any desired accuracy in the solution. Unfor-
tunately, roundoff errors coupled with the particular nature
of the difference matrices generated by the finite element
method drastically alter this prediction.

The roundoff errors affecting the accuracy of x in solving
the linear system Kx = b come from two sources: from
truncating or rounding the initial data in K and 6, and from
the accumulation of errors during the solution process. It
has been shown2 ~* that with current methods of solution
these two sources give rise to errors of similar magnitude. In
the case where the data is given exactly, the solution can be
improved iteratively.4 But since in practice the data is never
given exactly, it is the most serious source of error. Basically,
this error is a function of the accuracy of the computer and of
the condition of the global (stiffness) matrix K.

The difference matrices generated by either the finite ele-
ment or finite difference method inevitably become ill-condi-
tioned as the mesh of elements is refined. In fact, the spec-
tral condition number of K, Cn(K), increases as ch~2m, where
c is a function of various mesh parameters. Hence as the
mesh is refined the discretization errors decrease, but simul-
taneously the effect of roundoff errors increases until at a cer-
tain h they become dominant. In this respect the higher or-
der (say bending where m = 2) problems are more prone to
round off error perturbation than the lower order ones. Now
since p, the order of the element, appears in the exponent of h
in the expression for the discretization errors but not in the
expression for the condition number, by using higher order
elements one expects to reduce the relative effect of roundoff
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Fig. 1 Variation of the
total relative error in
the energy vs TV for the
case of a cantilever
beam loaded by a quad-
ra tically varying load.
Computations carried
out in single precision.
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errors and hence to achieve greater accuracy in the finite
element solution. This possibility is explored in the present
Note.

At the time this note was being revised Kelsey5 et al. pub-
lished an interesting paper on the condition number of the
finite element stiffness matrix.

2. Discretization Errors

Let the variables be interpolated inside the element by
functions which include a complete polynomial of the pth
degree. Then by Taylor's theorem the finite element solu-
tion can approximate the true solution such that the differ-
ence between them is of the order h*+1- For problems of the
2w-th order the energy expression involves derivatives of the
ra-th order. These derivatives can be approximated by the
finite-element interpolation scheme up to an error of the order
hp+l~m. It then follows immediately that the error in the
energy is of the order h*(j>+l~m). Therefore by using higher
order interpolation schemes inside the element (i.e., more
degrees of freedom per element), the error in the energy is
made to decrease exponentially.

Computational errors

Consider the linear algebraic system

Kx = b (1)
where the matrix K is assumed to be positive definite and
symmetric. If K arises from the discretization of elliptic
problems of the 2mth order, its minimal eigenvalue is 0(1),
while its maximal eigenvalue1 is 0(h~~2m), where h denotes
the diameter of the element. In practice, both x and b are
near the direction of the eigenvector corresponding to the
minimal eigenvalue of K. It requires an exceedingly com-
plicated set of forces b to produce an x in the direction of the
eigenvector corresponding to the maximal eigenvalue of K.
Hence ||6|| = \\x\\ and it is assumed that ||6|| = 1. In the com-
puter, Eq. (1) is perturbed into

(K + dK)(x + 8x) = b -f db (2)
where \\5K\\ = \\K\\IQ-* and ||£&|| = ||6||lO-s, in which s denotes
the number of decimals in the computer. From Eq. (2) it re-
sults that the error dx in x is given by

5x = K'^db - K (3)

Even though x is usually near the direction of the minimal
eigenvalue of K, since dK is random there is no reason why x
should not have an appreciable component in the direction of
the maximal eigenvalue of dK. Hence j^"1!! = 0(1),
||6&|| = 0[1]10-*,||5K|| = 0(/*-2-)10-*andEq. (3) yields

(5)
where Cn(K), the spectral condition number of K, is the ratio
between the maximal and minimal eigenvalues of K. It has
been shown2 for full low-order matrices, that the coefficient
c in Eq. (5) is nearly equal to 1.

To see the effect of scaling,6 at least from the perturba-
tion point of view, consider the system

(6)

where (xi, #2) = (1,1) and the condition number of the matrix,
Cn(K), is equal to 3. Now let x\ be transformed by x\ =
exi, e <3C 1, and for reasons of symmetry let the first equation
in Eq. (6) also be multiplied by e. System (6) then becomes

(7)

where (xi,xz) = (l/e,l) and Cn(K) = 4/3c2. System (7) grows
ill-conditioned as e J 0, however, small perturbations in the
initial data will lead to only small perturbations in x%. The
resulting perturbations in x\ will be large, but since x\ itself
is large, the relative error in x\ is again small. This suggests
that scaling should not have a great effect on dx, and that the
condition number governing the effect of roundoff errors is
actually given2 by

Cn(K) = Min D Cn(DKD)

where D is diagonal. For matrices generated from regular
meshes, however, D is equal to 1. When iterative methods
are used to solve the linear system (1), roundoff errors not
only produce a loss of significant digits, but also slow down
convergence.7 Hence the end effect of the roundoff errors
may depend not on Cn(K), but on the true condition number
Cn(K).

Condition Number
Let K and M denote the global (stiffness) and Gram (mass)

matrices, respectively; then from Rayleigh's principle one
readily obtains

(\N/\I)\IM/\NM < Cn(K) < (\N/\I}\NM/\IM (8)

where Ai and \N are the extremal eigenvalues of Kxr —
\rMxr = Or = 1,2,... ,2V. The mass matrix M is, at least for
uniform meshes of finite elements, well conditioned, its condi-
tion number being independent of N. Consider for instance
the global mass matrix for a string. It has the form

M (9)

\\8x\\ - (4)

and by the Gerschgorin theorem it can readily be seen that the
eigenvalues of M are enclosed between 2 and 6. Thus ac-
cording to Eq. (8), Cn(K) varies for uniform meshes as
Atf/Ai. For a sufficiently large number of elements, Ai can be
replaced for all practical purposes by its corresponding exact
value. It can be shown1 that the relative error in \N is of
the order 1, and therefore for the present purposes \N can also
be replaced by its corresponding exact value. By so doing,
the study of the behavior of Cn(K) has been reduced to the
study of the dynamical behavior of the discretized structure.

From previous experience with eigen problems one concludes
that:
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a) For problems of the 2mth order the condition number
Cn(K) of K varies as h~~*m or as Ne*m, where Nes denotes the
number of elements per side.

b) The condition number depends primarily on the nature
of the problem and not on the order of the finite element.
Therefore, it is expected that by using high-order elements
greater total accuracy would be achieved in the finite element
solution. This will be demonstrated numerically in the next
section.

Numerical experiments
Higher order elements were applied to a beam problem to

test the possibility of a reduction of the relative effect of
roundoff error accumulation in the solution of the global sys-
tem of algebraic equations. For comparison, two elements
were used. One was denoted by B(3), since the lateral de-
flection w was interpolated inside it by cubic polynomials
(p = 3). The other was denoted by 5(5), since inside it w
was interpolated by quintic polynomials (p = 5). From the
numerical calculations it follows that the condition number
can be expressed by Cn(K) = SNe4 in the case where B(3)
elements were used and by Cn(K) = 152Ve4 in the case where
#(5) elements were used. In any case the condition number
varies only slightly with p.

To study the behavior of roundoff error effects for matrices
generated by the B(3) and B(S) elements, the displacement
of a cantilever beam loaded at the tip by a single force was
calculated using Gauss elimination in single (24 bits, s = 7.2)
precision. Both with B($) and B(5) elements there are no
discretization errors, the sole errors being numerical. It has
been found that the error dx t in the tip deflection x t (this error
is proportional to the error in the energy) can be expressed by

log(&c,/s«) = -7.53 + 1.16 log(Cn) (10)
when the B(S) element was used and by

log(&c«/3i) = -8.01 + 1.16 log(Cw) (11)
when the B(5) element was used. This is remarkably close to
estimate (5).

The fact that by using higher order elements one may be
able to achieve greater accuracy is confirmed in Fig. 1. It
shows the variation of the relative total error in the energy vs
the number of degrees of freedom N for the case of a canti-
lever beam loaded by a quadratically varying load. Com-
putation was carried out in single precision. Even though
roundoff errors become dominant earlier with the 5(5) element
(at N = 12) than with the 5(3) element (at N = 22), it was
possible to obtain a greater total accuracy with the former
element than with the latter.

These were one-dimensional experiments. The precise
manner in which both c in Cn(K) = ch~2m and the roundoff
errors depend on the dimension in higher dimensional prob-
lems is still to be determined.
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Calculation of a Slender Body Moving
through Air at Supersonic and

Subsonic Velocities
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THE finite difference solutions of the equations of gas
dynamics formulated in Lagrange coordinates are capable

of accuracies of 1 part in 103 for problems with a reasonable
number of Lagrange zones. Finite difference techniques
permit physical phenomena to be simulated in a time-
dependent manner, starting from actual initial conditions.
Also, there are no restrictions on models used to describe the
behavior of materials. The main strengths of the Lagrange
formulation are the ease of applying boundary conditions
and high accuracy. The major limitation of the Lagrange
formulation is that nearest neighbors of the Lagrange zones
must remain nearest neighbors, except for specified lines of
sliding.

In the calculations presented here, a slender body of revolu-
tion defined by a set of Lagrange coordinates moves into
another set of Lagrange points that have associated with
them an equation of state appropriate for air. The specified
line of sliding is the set of Lagrange coordinates that define
the exterior boundary of the figure of revolution.

The slender body moving in the air, which is initially at
rest, is shown in Fig. 1. The equation of state used for air
is described by a perfect gas, although any equation of state
could be used. The velocity of the slender body is given in
units of the sound speed of the undisturbed air ahead of the
body (Mach number). The shocks develop automatically
in the calculation by the artificial viscosity method originated
by Von Neumann and Richtmyer.1 The shock positions
shown in Fig. 1 are plotted by a computer routine that
scans the grid and plots a symbol at positions where the
artificial viscosity is a maximun. A steady-state shock
pattern is established after the body has completely entered
the calculation region (Fig. Ib). A steady-state shock
pattern means that shock angles with respect to the body
remain constant in time although the shocks are sweeping
through new material. At time t = 200 jusec, the body is
programed to reduce velocity on a linear ramp with time.
The shock angles are shown, in Fig. 1, c-f, to open as the
velocity is reduced. The bow shock detaches when the ve-
locity becomes subsonic (Fig. 1, d-f).

To a fixed observer, the bow and aft shocks are moving
faster than the slender body for the subsonic velocities shown
in Fig. 1, e and f. At t = 800 jusec the body is programed
to increase velocity on a linear ramp with time (Fig. 1, g and
h). New bow and aft shocks are formed. Figure Ig shows
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